Abstract. We study the evolution of scalar cosmological perturbations in the 1 + 3 covariant gauge-invariant formalism for generic f (R) theories of gravity. Extending previous works, we give a complete set of equations describing the evolution of matter and curvature fluctuations for a multi-fluid cosmological medium. We then specialize to a radiation-dust fluid described by barotropic equations of state and solve the perturbation equations around a background solution of R n gravity. In particular we study exact solutions for scales much smaller and much larger than the Hubble radius and show that n > 2 3 in order to have a growth rate compatible with the Mészáros effect.
Introduction
There are at least three areas where standard General Relativity (GR) theory faces serious challenges from other competing fundamental theories [1] . Firstly, attempts to unite quantum mechanics with GR have so far been unsuccessful and with the remarkable success the former has achieved over the last hundred years, many are questioning the unique status of GR, suggesting that a fundamental modification of the theory could lead to a complete description of gravity on all scales. Secondly, in standard particle physics all the forces of nature save gravity have been shown to be manifestations of an underlying unified theory of nature and there are hopes that modifications of GR could lead to a grand unification of all the known forces into a single theory of everything. Thirdly and most important to us here is the missing link between the observed universe and the standard theory of cosmology.
The recent discovery of the accelerated expansion of the Universe has cast a new shadow on the simplest cosmology based on Einstein's theory of GR, together with a conventional matter description. Observational analyses [2] - [6] show that only a tiny fraction (∼ 4%) of the energy content of the Universe is known to exist in normal matter form, whereas ∼ 23% of it exists in a little understood dark matter form. Dubbed as Dark Energy (DE), the remaining (∼ 72%) of the energy content of the Universe is believed to be the cause of the inferred accelerated cosmic expansion.
Many candidates have been put forward as an explanation for DE, but most of them fall under one of these three forms: the cosmological constant, exotic scalar fields (such as Quintessence) and geometrical dark energy in which the gravitational Lagrangian is modified with respect to the usual Einstein-Hilbert one (see [7] , [8] , [9] and [10] for an extensive review).
An important class of modified gravity are the scalar-tensor and f (R) theories [11] - [23] . Both these candidates have their own serious shortcomings [17, 18, 19] , and have to pass rigorous theoretical and observational scrutiny before they can be accepted as viable theories [24, 25] . In this work we will only concentrate on the interpretation of DE as geometrical manifestation of a more fundamental theory, focusing on f (R)-gravity.
It is well known that the dynamical evolution of small density perturbations, seeded in the early Universe, led to the large-scale structure we see today [26] - [36] . An excellent framework for studying cosmological perturbations is the 1+3 covariant approach, which has been developed, among other things, to analyze the evolution of linear perturbations of Friedmann-Lemaître-Robertson-Walker (FLRW) models in GR [37] - [46] .
In recent years, higher order theories of gravity have attracted a great deal of attention. A detailed analysis of the background FLRW models using dynamical system techniques has shown that there exist classes of fourth order theories which admit a transient decelerated expansion phase during which structure formation can take place, followed by a DE-like era which drives the present cosmological acceleration (see [47] among many others). However, it has been proved [48] that when dust matter scalar cosmological perturbations are studied in the metric formalism, f (R) theories, even mimicking the standard cosmological expansion, provide a different matter power spectrum from that predicted by the ΛCDM model [49] . In [51] the evolution of scalar perturbations of FLRW models in fourth order gravity was developed for single barotropic fluids using the 1+3 covariant approach and the solutions of the perturbation equations on large-scales showed that a decelerated phase is not necessarily required to form large scale structures. This divergence from the standard GR provides us with a distinguishable signature of fourth order theories, which can be tested against observations. However, since the Universe consists of a mixture of fluids, a complete treatment of perturbations in fourth order theories requires taking this into account. The aim of this paper is therefore to present a general framework for studying multi-fluid cosmological perturbations with a completely general equation of state in a f (R) theory of gravity, using the 1+3 covariant approach. This paper has been organized as follows: in section 2 we give the general outline of the 1+3 covariant approach. In section 3 we discuss the choice of frame and define the key variables used in the description of perturbations in the total fluid and the individual fluid components. Equations for these variables are given in section 4. In sections 5 and 6, respectively, the scalar and the harmonically decomposed forms of our equations are presented. Applications to a radiation-dust cosmological medium are given in section 7, with sections 8 and 9 devoted to the analysis of the short and long wavelength limits of the perturbation equations. We conclude the paper by giving our conclusions in section 10.
The natural unit conventions ( = c = k B = 8πG = 1) are in use. Latin indices of tensors run from 0 to 3. The symbols ∇ and ; represent the usual covariant derivative, ∂ corresponds to partial differentiation and an over-dot shows differentiation with respect to proper time. We use the (− + ++) spacetime signature in this work.
For an arbitrary f (R) gravity the generalized Einstein-Hilbert action can be written as
A generalization of the Einstein's Field Equations (EFEs) derived by varying this action with respect to the metric takes the form
where
δg ab . Defining the energy momentum tensor of the curvature "fluid" as
the field equations (2) can be written in a more compact form
where the effective energy momentum tensor of standard matter is given bỹ
Assuming that the energy-momentum conservation of standard matter T m ab ;b = 0 holds, leads us to conclude that T ab is divergence-free, i.e., T ab ;b = 0, and thereforẽ T m ab and T R ab are not individually conserved [51] :
2. Covariant Decomposition of 4 th -order Gravity
Preliminaries
The standard perturbation theory based on the metric formalism has disadvantages when it comes to extracting physical information from the perturbation variables. For example, it requires a complete specification of the correspondence between the lumpy, perturbed universe and the background spacetime. In other words, this approach is gauge-dependent. In this paper we instead use the 1+3-covariant formalism, a fluid approach, which, when applied to cosmological perturbations leaves no unphysical modes in the evolution of the fluctuations: it requires no prior metric specification and is gauge-invariant by construction.
Kinematics
We project onto surfaces orthogonal to the 4-velocity of the fluid flow using the projection tensor h ab ≡ g ab + u a u b and∇ a = h b a ∇ b is the spatially totally projected covariant derivative operator orthogonal to u a . The covariant convective and spatial covariant derivatives on a scalar function X are respectively given bẏ
The geometry of the flow lines is determined by the kinematics of u a : (8) and (9) we obtain an important equation relating our key kinematic quantities: 
where µ and p hold for the total energy density and isotropic pressure respectively. This equation together with the equation of state p = p(µ, s), the energy conservation equationμ
and the Friedmann equation
form a closed system of equations and completely characterize the kinematics of the background cosmological model. In this paper angular brackets denote the projection of a tensorial quantity onto the tangent 3-space. Thus the relations
give the projection of a vector V a and the projected, trace-free part of a tensor W ab respectively.
Matter Description

Effective Total Energy-Momentum Tensor
The thermodynamical description of a relativistic fluid is dictated by the energy momentum tensor T ab , the particle flux N a and the entropy flux S a of the system. Whereas T ab and S a always satisfy respectively the conservation of 4-momentum and the second law of thermodynamics, namely
particle flux conservation, i.e., N a ;a = 0, may be violated. The total energy-momentum tensor in a general frame is sourced by µ, p, the energy flux q a , and the anisotropic pressure π ab :
It defines our thermodynamical quantities: and S a are all parallel [38] and a unique hydrodynamic 4-velocity u a can be defined for the fluid flow, in which case
where µ and p are related by the equation of state p = p(µ, s). n = −N a u a and s = −S a u a define the particle and entropy densities respectively in the local rest frame of an observer attached to u a . We can also decompose the EMT with respect to another frame, say n a , but in this case we need to introduce a particle driftj a =h a b N a [38, 40, 52] . If the fluid is imperfect, the fluid hydrodynamic 4-velocity is no longer unique and our EMT will take the more general form given above Eqn. (17) and the particle flux includes a drift term:
Choosing the relevant frame is a crucial step in the covariant formulation of perturbation theories, since u a is the velocity of fundamental observers in the Universe §. § Fluid flow vector u a is uniquely defined as the future directed timelike eigenvector of the Ricci tensor:
, where x a (τ ) describes the worldline of the fluid in terms of the proper time τ . In our multi-fluid picture, it corresponds to the normal to the surface of homogeneity.
In the particle frame u a = u 
where 
V a i = 0 for tilted, inhomogeneous cosmological media whereas the special case where u a i coincides with u a describes an untilted homogeneous cosmological medium. Decomposition of the matter stress-energy tensor with respect to the 4-velocity u a gives the following thermodynamical quantities:
In a similar way we can decompose the energy momentum tensor of the curvature fluid to obtain the corresponding thermodynamical quantities (denoted in what follows by a R superscript or subscript). All these quantities, unlike their matter counter-parts, vanish in standard GR, with a FLRW geometry:
In the background FLRW universe, V a i = 0 and all perfect fluid components have the same 4-velocity. By applying the Stewart-Walker Lemma [46] , we can show that V a i is a first-order gauge-invariant (GI) quantity. If we choose the fluid flow vector u a to coincide with the energy frame u a E (see Fig.1 above), then exact FLRW models will be characterized by vanishing shear and vorticity of u a and all spatial gradients orthogonal to u a of any scalar quantity [40] :
It then follows that, since
in the background, then µ = µ(t), p = p(t) and Θ = Θ(t). This necessitates the energy momentum tensor having the perfect fluid form, and hence the vanishing of the anisotropic pressure π ab and the energy flux q a .
Standard Inhomogeneity Variables for the Total Matter
The key variables characterizing the inhomogeneities of matter are
where a ≡ a(t ) here is the usual FLRW cosmological scale factor. D m a and Z a define the comoving fractional density gradient and comoving gradient of the expansion respectively and can in principle be measured observationally [40] . The relation
defines the dimensionless variable ε a that quantifies entropy perturbations in the total fluid. We have defined the shorthand h ≡ µ m + p m for the total matter fluid and h i ≡ µ i + p i for the component matter fluids. w and c 2 s denote the effective barotropic equation of state and speed of sound of the total matter fluid, respectively, and are defined by
whereas for each component mater fluid, these two quantities are given by w i ≡ p i /µ i and c
Matter Inhomogeneity Variables for the Components
The variables characterizing inhomogeneities of matter for the i th -component fluid are defined as
In near-perfect fluid analyses such as the present one, ε i a is often taken to be negligible. Thus in subsequent discussions all terms containing this quantity are dropped.
Curvature Fluid Variables
The information about our deviation from standard GR is carried by the following dimensionless gradient quantities
These variables describe the inhomogeneities in the Ricci scalar. Finally, the velocity of the curvature fluid is defined, following [39] , by
provided thatṘ = 0. Cases with constant scalar configurations or pathologic f (R) models with points of inflection in R(t) are excluded from this analysis.
Equations in the Energy Frame
We now derive the time evolution of the perturbations to linear order in the energy frame of the matter, i.e., in the frame where
The linearized 3-curvature scalar of the projected metric h ab orthogonal to the 4-velocity vector u a is [38]
reduces to the Ricci scalar in the hypersurfaces orthogonal to u a when ω = 0. The covariant, GI gradient C a gives, to linear order
This variable quantifies the spatial variation in the 3-curvature and is a geometrically natural quantity useful in the long wavelength analysis of our perturbation equations. The time evolution of this quantity is given bẏ
Component Equations
These are the equations that describe the evolution dynamics of the individual fluid component fluctuations. For the component matter and velocity fluctuations, these are given bẏ
We note that the equations involving the gradients of the inhomogeneities in the expansion and curvature variables (Z a , R a , ℜ a , C a ) remain the same as in the total fluid equations (46)- (51). This is to be expected since these quantities are global intrinsic properties of the spacetime itself rather than of the individual components of matter in the fluid.
Relative Equations
Let us now define the variables that relate features of pairs of the different components of the fluid, and derive their governing evolution equations. These relative variables depend only on the choice of the individual velocities, not on the choice of the overall frame.
These are the quantities that allow us to distinguish between adiabatic and isothermal perturbations [27, 38] . The derivation of the evolution equations for the above quantities is straightforward and yieldṡ
Scalar Equations
The quantities we have considered so far contain both a scalar and a vector (solenoidal) part. Structure formation on cosmological scales is believed to follow spherical clustering and therefore we present here the spherically symmetric, scalar density perturbations obtained by taking the divergence of the gradient quantities. In so doing, we first apply a local decomposition
where Σ X ab = X (ab) − 1 3 h ab X describes shear whereas X [ab] describes the vorticity. Vorticity and shear describe the rotation and distortion of the density gradient field, respectively. The above decomposition extracts the scalar part of the perturbation vectorial gradients. Accordingly, when extracting the scalar contribution the vorticity term vanishes [50] .
Scalar Variables
On the basis of the above decomposition scheme, our scalar variables are:
The scalar variables describing the total fluid will thus evolve according tȯ
The evolution of the constraint equation is given bẏ
For the scalar variables describing component inhomogeneities and interactions in the fluid, the evolution equations are given bẏ
Second-order Equations
The above first order equations (63)-(68) can be reduced to a set of linearly independent second order equations. This has the advantage of simplifying the equations and making comparisons to GR more transparent [51] :
The second order equations (69)- (71) governing the propagation of the entropy perturbations for a general ε (or S ij ) are in general very complicated and consequently we will present them for specific (radiation-dust) applications in section 7.
Harmonic Analysis
The above evolution equations can be thought of as a coupled system of harmonic oscillators of the form
where the second term from the left represents the friction (damping) term, the third one, the restoring force term while C represents the source forcing term. A key assumption in the analysis of the equation here is that we can apply the separation of variables technique
and write
where Q k (x) are the eigenfunctions of the covariantly defined Laplace-Beltrami operator on an almost FLRW space-time:
Here k = 2πa λ is the order of the harmonic andQ k ( x) = 0 (Q is covariantly constant). In this way the evolution equations and the constraint equation can be converted into ordinary differential equations for each mode. After harmonic decomposition the first order total and component fluid equations (63)-(68) can be rewritten in the following form:
The form and use of Eqn. (81) will be more transparent when we discuss the long wavelength limits of our perturbations for radiation and dust backgrounds. The harmonically decomposed set of second-order equations (69)-(71) will becomë
As can be seen, this second order set of equations is not closed. For a two-component fluid the entropy and velocity perturbations equations are given bÿ
Since Eqns. (89) and (90) are not linearly independent equations, we can choose either one of them to close our system of second order equations (86-88).
Perturbations in a Radiation -Dust Universe
Background Setup
Now that we have derived the equations for perturbations of a general multi-fluid system, we consider an application of the equations for a cosmological medium containing a non-interacting radiation-dust mixture and described by a flat (K = 0) FLRW spacetime. Since our component fluids satisfy the conservation equations separately, we writė
where d and r subindices hold for dust and radiation respectively. The general equation of state w for such a radiation-dust mixture is given by
and the speed of sound in the mixture is
Wherever necessary, we will use the shorthand
In general, since we do not have an explicit expression of the Hubble parameter H and the curvature scalar R as functions of the scale factor a in generic f (R) gravity theories, an exact multi-fluid background solution is not available and numerical solutions need to be obtained. This important issue will be investigated in a future work.
In this paper, we will confine our discussion to R n models [15, 51] and look for solutions in the short wavelength and long wavelength approximations for perturbations deep in the radiation and dust dominated epochs. During these epochs, since one fluid is negligible with respect to the other, we can use the exact single fluid background transient solution for R n models given by a = a eq (t/t eq ) 2n 3(1+w) where a eq is the scale factor at the time of radiation-dust equality t eq and will henceforth be normalized to unity.
In R n models the expressions for the expansion, the Ricci scalar, the curvature fluid energy density, the curvature fluid pressure and the effective matter energy density are given by
Total Fluid Equations
Upon expanding Eqn. (40) for a mixture of dust and radiation, we obtain
and hence
We can thus readily derive the evolution equation for ε as followṡ
Using these relations and applying the general total fluid second order equations to the radiation-dust mixture yields
where ∆ m and S dr are given by ∆ m =
Component Equations
The perturbations of the density gradients of the radiation component of the fluid are described by the propagation equation
Similarly the propagation equation of the dust density gradient is given bÿ
This amounts to studying dust and curvature fluctuations on a homogeneous radiation background, whereby radiation affects the growth of the dust fluctuations by speeding up the cosmic expansion [38] . We consider the flat (K = 0) background, and hence the equations for such a background are given bẏ
These two equations tell us that, deep in the radiation-dominated era, the curvature fluctuations are decoupled from the matter in the second order equations. GR is a specific example of the generalized R n models where n = 1. In this limit, Eqns. (126) and (126) reduce tö
thus yielding the standard GR equation for the density contrast in a radiation background∆
whose general solution is given by
with C 1,2 arbitrary constants. For n = 1, with w = 1 3 in the radiation-dominated epoch, Eqns. (126) and (126) take the following forms:
where we have used the fact that
λH λ 2 eq t −n with normalized time t eq = 1 at the time of radiation-matter equality.
Quasi-static Analysis In general the system of equations (132)- (133) yield Bessel hypergeometric type analytic solutions. However, since we are dealing with small scales we can take a quasi-static approximation where the time variations in R k are treated as negligible, i.e.,R k ≃ 0 andṘ k ≃ 0. In this scheme the overall dynamics of the density perturbations leads to the simplified, k-independent, equation
This equation admits the general solution
On small scales, radiation suppresses the growth of fluctuations as they enter the horizon before radiation-dust equality, and dust (baryon) self-gravitation is not yet strong enough to offset the cosmic expansion. This is because the expansion scale factor grows faster than the perturbation amplitudes do. The phenomenon is known in the literature as the Mészáros effect [53] .
It is clear from the above analysis that the Mészáros effect puts a constraint on the value of n in R n gravity. To do so, all we need do is determine the allowed values of n for which the perturbation amplitudes grow slower than the expansion in the radiation dominated era, i.e.,
This means that only values of n > 2 3 give a growth rate compatible with the Mészáros effect.
In figure 2 , we plot the normalized dust density contrast δ(t) ≡ ∆ m (t)/∆ eq in the radiation-dominated epoch.
Perturbations in the Dust-dominated Epoch
During this epoch of the universe the dust energy density is dominating in the two-fluid dynamics and all order-of-magnitude approximations go in line with the assumption Figure 2 . Dust growth factor in the radiation dominated epoch for R n models: The plots show the growth factor obtained by solving numerically the full system of equations (132) Quasi-static Analysis In the quasi-static limit with λH λ 2 eq >> 1 we get a single second order k-scale independent equation
the solution of which is given by
. The coefficients C 1,2 can be determined by imposing initial conditions. At t = t eq = 1 we have
and differentiating (152) giveṡ
which, at equality, will givė
Solving (153) and (155) simultaneously we obtain
Fig . 3 shows the evolution of the density perturbations
in time (t from 1 onwards, where t = t eq = 1 is the normalized time at equality) for the above linearly independent solutions, C 1,2 having been obtained by setting ∆ 
Long Wavelength Solutions
For specific intervals of n, a set of initial conditions give rise to cosmic histories which include a transient decelerated phase which evolves towards an accelerated phase. Structure formation takes place during the transient regime [51] . In this section we analyze the evolution of scalar perturbations during this phase, in the long wavelength limit. In this limit the wavenumber k is so small that λ = 2πa k ≫ λ H , i.e., k 2 a 2 H 2 ≪ 1. All Laplacian terms can therefore be neglected and spatially flat (K = 0) backgrounds guarantee the conservation of C, i.e.,Ċ k = 0. In this paper we are considering only adiabatic perturbations, i.e. S ij = 0 and hence, for a radiation-dust mixture, the equation for the evolution of entropy perturbationṡ
implies that
And from this and the equatioṅ V dr − c 
where C 1,2,3 are arbitrary integration constants to be evaluated from initial conditions with
and
Provided that the initial values of ∆ 
We do not present C 1,2,3 explicitly for the sake of simplicity.
Perturbations in the Dust-dominated Epoch
Proceeding in a similar fashion for the dust dominated, long wavelength, regime gives the second order evolution equations given bÿ 
realistic background cosmological expansion history. We also found that for R n gravity to be consistent with the Mészáros effect, the parameter n needs to satisfy n > 2/3.
We also gave a new covariant characterisation of the quasi-static approximation and used this to show that on small scales this approximation is valid for values of n in the neighbourhood of 1, i.e., it is in good agreement with a numerical integration of the full set of equations for the given set of initial conditions. This is the first time such a quasi-static analysis has been presented in a covariant way both for radiation and dust universes and provided the foundations for detailed comparison with what is found using the metric formalisms, together with a full computation of the power spectra. This will be presented in a future work.
